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However, we are not aware of any experimental observation of excitability in optical systems, which corresponds to one of the fundamental paradigms for excitable behavior in biological, chemical, or electronic systems, the van der PolFitzhugh-Nagumo ͑VPFN͒ model ͓4,11͔. The existence of such a scenario for optical systems was theoretically suggested in Refs. ͓12,13͔ when analyzing passive nonlinear étalons. These devices were originally proposed as basic units for all-optical computing, information processing, and storage ͓14,15͔, due to the possibility of bistable response to the injected optical power ͓16͔. Though, it is often found that the system does not exhibit bistability but self-sustained optical pulsations ͓17͔. These pulsations have been explained as a thermally induced instability ͓12,13,17,18͔. Similar regenerative optical pulsations have also been observed in optical parametric amplifiers ͓19͔.
In this work we experimentally show that thermo-optical pulsation in broad area semiconductor optical amplifiers ͑SOAs͒ can be mapped by the VPFN model. Varying either the injected field or the bias current, the system displays the same sequence of dynamical behaviors predicted by this model: stability, excitable regimes, and thermo-optical selfpulsations. The correspondence with the VPFN scenario is further checked by studying the system's response to different types of modulation. We find excitability and oscillatory phase locking under periodic excitations as well as coherence resonance under additive external noise, in agreement with the theoretical predictions. In addition, the ''reversed hysteresis'' cycle sometimes reported in these type of systems ͓20͔ can be simply explained as phase locking of the regenerative oscillations to parameter modulation.
The experimental setup is schematically shown in Fig. 1 . The amplifier is a commercial ͑Thorlabs L9801E3P1, 100 ϫ1 m 2 ) multiquantum well edge-emitting laser operated at currents above transparency and below threshold (I th ϭ208 mA), its gain peak occurring around 980 nm and with a longitudinal mode spacing of 31 GHz. The SOA is mounted on a heat sink ͑Thorlabs TCLDM9/B͒ for thermal stabilization ͑better than 0.01 K͒ achieved through a temperature controller ͑Thorlabs TEC2000͒, and the current source ͑Thorlabs LDC500͒ is stabilized to better than 0.1 mA. A tunable, thermally stabilized, high-power semiconductor laser at ϳ980 nm, with a spectral width below 2 GHz ͑instrumental limit of our Fabry-Perot optical spectrum analyzer͒ and optically isolated from the SOA with a Faraday isolator ͑better than 40-dB isolation͒ provides the injection beam, which is injected along the SOA axis and is homogeneous over the transverse cross section of the SOA. The optical power of the injection beam is controlled by an acousto-optic modulator, attaining a maximum of 8.5 mW before the collimator. The output from the SOA is focused onto an avalanche photodiode, and all dioptric elements in the setup are antireflection coated, with reflectivities below 1%.
As the optical injection frequency is changed, light amplification is observed in an interval of 12 GHz within each free-spectral range of the SOA. The gain shows a strong nonlinear dependence on the input power, with the output beam having a single-lobed profile when the frequency of the injected beam is on the low-frequency range (Ϸ3 GHz) of the above interval. Fixing the frequency of the injected beam within this nonlinear amplification range and increasing the injection power, we observe the dynamical sequence shown in Fig. 2 . In the upper-left panel, corresponding to low optical injection, the detected power is stable around a low level. As the power of the injection beam is increased ͑upper-center panel͒, the output power starts pulsing. It remains at a low level for most of the time, but square pulses appear randomly. The pulse duration is almost uniform, while the interpulse times vary irregularly. Further increase of the injection ͑upper-right panel͒ makes the pulsing output more periodic. Still increasing the injected power leads to stable operation on a high power state through the reverse sequence, first spoiling the periodicity of the train of pulses and finally leading to stable behavior ͑see bottom panels͒. It is worth remarking that this dynamical sequence involves only the amplitude of the output beam, whose shape remains fixed. A similar dynamical sequence is obtained when the injected optical power is kept constant and the bias current is increased. The same dynamical sequences have also been observed in the detuning range 3-6 GHz. Although in this case the output profile displays three lobes, spatiotemporally resolved measurements showed that only the amplitude of the whole pattern evolves in time.
These self-pulsations are strongly reminiscent of those observed in passive optical systems ͓17-19͔, with a pulsation frequency (ϳtens of KHz͒ much slower than the intrinsic time scales of the optical and material variables. This time scale is characteristic for the thermal response of the device, and we infer that there must be temperature changes that break down the theoretically predicted bistability ͓21͔. From the dynamical point of view, temperature is not anymore a parameter but it becomes a dynamical variable with its ͑slow͒ time scale.
The former sequence of dynamical behaviors is the same as found in the generic VPFN model with noise ͓4,11͔,
as the control parameter b is varied. In the absence of noise (ϭ0), the fixed points (x s ,y s ) of the system are given by
which have one real solution if aϾ1Ϫ(3b/2) 2/3
, and three otherwise. For fixed aϾ1, the single fixed point is determined by b, and it is stable if ͉x s ͉Ͼ (1Ϫ) 1/2 and unstable otherwise.
In the unstable regime the system exhibits oscillations which, for Ӷ1, involve slow motion along the branches of positive slope of the N-shaped manifold yϭx 3 /3Ϫx, followed by fast jumps ͑where only x changes͒ from one of the above branches to the other ͓22͔. The oscillation frequency f C is determined by the control parameters a and b ͓23͔. Then, the output of the system consists of a train of overshooting square-wave-like pulses as seen in the experiment. This pulse shape is characteristic of the VPFN system, and it is not compatible with the dynamical features of the other proposed scenarios for excitability.
In the stable regimes, a perturbation larger than a certain threshold triggers the emission of only one of the above pulses. The pulse shape is insensitive to the details of the stimulation, and the threshold is smaller the closer the system is to the instability point ͉x s ͉ϭ(1Ϫ) 1/2
. Moreover, after escaping from the stable state the system returns to its vicinity through a deterministic trajectory in phase space; during this excursion, the system is insensitive to reasonably small perturbations, hence said to be in its ''refractory time.'' These characteristics define the so-called ''excitable'' behavior. These ''excitable pulses'' may appear spontaneously when noise is added to the system, ͑i.e., 0), and then the escape rate from the stable state follows Kramers' law ͓24͔.
In Fig. 3 we plot typical time traces from Eqs. ͑1͒ and ͑2͒ as b is increased. In Figs. 3͑a͒ and 3͑f͒ , parameters are such that the system is in the stable regime and far away from the bifurcation points, so the time traces display only small fluctuations around the stable state. In Figs. 3͑b͒, 3͑c͒ , and 3͑e͒, the system is also set in the stable regime, but closer to the bifurcation points; in this case, the time traces show noiseinduced emission of excitable pulses, with rates that increase as the bifurcation point is approached ͓compare Figs. 3͑b͒ and 3͑c͔͒. Finally, in Fig. 3͑d͒ parameters are set in the unstable regime, and the time trace consists in the aforementioned periodic train of squarelike pulses.
The sequence of behaviors as control parameters are changed, shown in Fig. 2 , parallels that in Fig. 3 . Both systems display a transition from a ''low'' to a ''high'' stationary state through an intermediate oscillatory regime. In both cases, the oscillations display two separate time scales, with abrupt jumps between stages of slow dynamics. Finally, in both cases we have regimes of noise-induced aperiodic pulsing, which occur close to the oscillatory regime, with a rate that increases as the bifurcation point is approached.
These similarities suggest that the dynamical scenario underlying the experimental system is that given by the VPFN model. This hypothesis can be tested by checking whether the experimental system possesses the dynamical properties of the model, namely, excitability and phase locking to external modulations.
The excitable character of the system can be tested by studying its response to external perturbations. We prepare the system in its low stable state and apply pulses of fixed duration and variable but small amplitude to the bias current. It is observed ͑see Fig. 4͒ that, although the maximum pulse amplitude is about 0.5% of the bias current, for pulse amplitudes below a critical value the response of the system is linear with the stimuli; however, above this critical value the SOA responds with a pulse of fixed amplitude and width. As a further check, we prepare the system in its low stable state and modulate the bias current with rectangular pulses of vari- The maximum amplitude of the applied pulses is ϳ0.5% of the bias current.
able amplitude ͑below 1% of the bias current͒, 120 ns duration, and low repetition rate ͑10 kHz͒. We measure the pulseemission efficiency, i.e., the ratio between the numbers of emitted and applied pulses, as a function of the amplitude of the stimuli. For amplitudes below a certain threshold the efficiency is nearly zero, becoming almost one for amplitudes above it ͑see inset in Fig. 5͒ . As in the VPFN model, the threshold decreases almost linearly as the bias current approaches the point where the oscillatory regime sets in. Similar behavior is obtained when the external perturbation is applied to the acousto-optic modulator that controls the level of optical injection. These observations confirm the excitable character of our system. We stress that this behavior is found where the VPFN picture suggested that it should be, and that the dependence of the excitability threshold on the parameters is the same for the experimental system and the VPFN model.
Another dynamical property of the VPFN system related to its excitable character is that, for a periodic stimulation of fixed amplitude, the pulse-emission efficiency strongly depends on the repetition rate f of the stimuli ͓23͔. By varying f in the range 10-50 kHz ͑see Fig. 6͒ it is observed that the efficiency decreases from almost 1 ( f Ͻ18 kHz) exhibiting a series of plateaus at 0.5 (25 kHzՇ f Շ30 kHz), 0.35 (35 kHzՇ f Շ42 kHz), and so on. This behavior, first found in the VPFN model ͓23͔, is due to the phase locking of the excitable system to the train of stimuli. At low frequencies, the response and the stimulation lock 1:1. However, when the period of the stimuli approaches the refractory time, the system can no longer maintain the 1:1 locking, and 50% of the pulses are then lost, thus leading to 1:2 locking. As the stimulation period is further reduced, the second pulse approaches the refractory time, so only one out of three stimuli induces a response, decreasing the efficiency to 1/3, and so on. This behavior is again in agreement with that of the VPFN model.
A phenomenon directly connected to excitability is the so-called coherence resonance ͓24͔, for which a maximum ordering of the pulse train is obtained upon addition of a finite level of noise. This counterintuitive phenomenon can be qualitatively understood considering the different dependence of the pulsing rate and the refractory time on noise level. While coherence resonance has been already demonstrated in excitable optical systems ͓7,10͔ involving different phase-space features, we expect to observe this behavior also in our system due to its excitable properties. In order to check whether our experimental system displays coherence resonance, we prepare the system in the stable high state and we add broadband electronic noise of variable amplitude ͑produced by an HP33120A function generator͒ to the signal driving the acousto-optic modulator. The maximum noise amplitude of 600 mV corresponds to a 1.5% rms fluctuation in optical power, i.e., 0.1 mW compared to the continuous wave injection level of 6.6 mW. The results in the left panels in Fig. 7 show that for both low and high noise levels, the train of excitable pulses is more irregular than for intermediate noise levels. The coherence of the output is characterized by the indicator Rϭ T /͗T͘, where T is the time be- tween pulses, ͗T͘ is its average value, and T ϭ͗(T
Ϫ͗T͘)
2 ͘ 1/2 is its standard deviation ͓24͔. As shown in Fig. 7 , R displays a clear minimum when the amplitude of the added noise is around 230 mV, clearly indicating the existence of coherence resonance as expected in the VPFN scenario.
Finally, in Fig. 8 we show the output power vs the injected power when the latter is modulated at two different sweeping frequencies f. At first glance these curves look like a hysteresis cycle typical of bistable systems. Closer inspection reveals that the opening of one cycle depends on f, and that when f Ͻ f C , the direction of the cycle is reversed ͓see Fig. 8͑b͔͒ , and therefore it cannot be interpreted in the framework of bistability. Instead, these results are in perfect agreement with the behavior of the VPFN system under the modulation of a parameter across the unstable region ͑see Fig. 9͒ . It can be seen that the apparent hysteresis cycle is reversed upon increasing the modulation frequency, and the cycle area depends strongly on the modulation frequency. The reason is that the self-sustained oscillations phase lock to the sweeping signal with a phase lag that may be either positive or negative depending on the ratio f / f C : reversed cycles are obtained when f Ͻ f C and otherwise, and moreover, the cycle opening depends on f. This provides an easy explanation for previously reported reversed hysteresis cycles ͓20,25͔.
As a conclusion, we have experimentally shown that thermo-optical pulsation in broad area semiconductor optical amplifiers can be dynamically interpreted within the scenario of the van der Pol-Fitzugh-Nagumo model. We have demonstrated excitable, oscillatory, phase-locking and coherence resonance behaviors as the intensity of either the injected optical field or the bias current are varied, modulated, or perturbed with additional noise, in good agreement with the theoretical predictions made for this model.
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